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We present a recursive algorithm for finding good lower bounds for the classical
Ramsey numbers. Using notions from this algorithm we then give some results for
generalized Schur numbers, which we call Issai numbers.  2000 Academic Press
INTRODUCTION
We present two main ideas in this paper. The first will deal with classical
ŽRamsey numbers, where we give a recursive algorithm for finding the to
.be defined difference Ramsey numbers. Using the ideas from this first
part we then define Issai numbers, a generalization of the generalized
Ž  .Schur numbers see BB . We prove their existence and give some easy
results for these Issai numbers.
Ž . Ž .Let G be a graph. Then E G is the edge set of G, and V G is the set
 4of vertices of G. Let r 2 and k  2 for i 1, 2, . . . , r . Recall thati
Ž .N R k , k , . . . , k is the minimal integer with the following property:1 2 r
Ž .  4Ramsey Property. Let  : E K  1, 2, . . . , r be an r-coloring of theN
 4complete graph on N vertices. Then for some j 1, 2, . . . , r there exists
Ž . Ž . Ž Ž ..  4K with V K  V K such that  E K  j .k k N kj j j
To find a lower bound, L, for one of these Ramsey numbers, it suffices
to find an edgewise coloring of K which avoids the Ramsey property. ToL
this end, we will restrict our search to the subclass of difference graphs.
After presenting some results, we will show that the Issai numbers are a
natural consequence of the difference Ramsey numbers and a natural
extension of the generalized Schur numbers.
1The author’s web page can be found at: http:math.colgate.edu aaron. This paper is
part of the author’s Ph.D. thesis under the direction of Doron Zeilberger. This paper was
supported in part by the NSF under the PI-ship of Doron Zeilberger.
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The Difference Ramsey Numbers part of this article is accompanied by
the Maple package AUTORAMSEY. It has also been translated into
Fortran77 and is available as DF.f at the author’s website. The Issai
Numbers part of this article is accompanied by the Maple package ISSAI.
All computer packages are available for downloading at the author’s
website.
DIFFERENCE RAMSEY NUMBERS
Our goal here is to find good lower bounds for the classical Ramsey
numbers. Hence, we wish to find edgewise colorings of complete graphs
which avoid the Ramsey Property. Our approach is to construct a recursive
algorithm to find the best possible colorings among those colorings that we
search. Since searching all possible colorings of a complete graph on any
nontrivial number of vertices is not feasible by today’s computing stan-
dards, we must restrict the class of colored graphs to be searched. The
class of graphs we will search will be the class of difference graphs.
Ž .DEFINITION r-colored Difference Graph . Let r. Consider the
complete graph on n vertices, K . Number the vertices 1 through n.n
 4Partition 1, 2, . . . , n	 1 arbitrarily into r classes, C , C , . . . , C . Let1 2 r
i j be two vertices of K . Using colors 1, 2, . . . , r color the edges of Kn n
 4as follows: determine t 1, 2, . . . , r so that j	 i C . Color the edget
Ž .connecting i and j with color t. Repeat this procedure for all pairs i, j .
The resulting colored graph will be called an r-colored difference graph.
ŽWe now focus our attention on the 2-colored difference graphs using
.blue and red as our colors . Given k and l, a difference graph with the
maximal number of vertices which avoids both a blue K and a red K willk l
be called a maximal 2-colored difference Ramsey graph, or simply a maximal
difference Ramsey graph when no confusion arises. Let the number of
vertices of a maximal difference Ramsey graph be V. Then we will define
Ž .the 2-colored difference Ramsey number, denoted D k, l , to be V
 1.
Further, since the class of difference graphs is a subclass of all 2-colored
Ž . Ž .complete graphs, we have that D k, l  R k, l . Hence, by finding the
difference Ramsey numbers, we are finding lower bounds for the classical
Ramsey numbers.
Before we present the computational aspect of these difference Ramsey
Ž . Ž . Ž .numbers, we establish an easy result: D k, l D k	 1, l 
D k, l	 1 ,
which is analogous to the upper bound derived from Ramsey’s proof GRS,
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 Žp. 3 , does not follow from Ramsey’s proof. This is easily shown and will
.be omitted.
The set of difference graphs is a superclass of the often searched
Ž . Ž   .circular or cyclic graphs see the survey CG by Chung and Grinstead
which are similarly defined. The distinction is that, using the notation
above, for a graph to be circular we require that if b B then we mustn
have n	 b B . By removing this circular condition, we remove from then
Ž .coloring the dependence on n the number of vertices and can thereby
construct a recursie algorithm to find the set of maximal difference
Ramsey graphs.
The recursive step in the algorithm is described as follows. A good
difference graph on n vertices consists of a set of blue differences B , andn
a set of red differences R , such that the Ramsey property is avoided. Ton
obtain a good difference graph on n
 1 vertices, we consider the differ-
 4ence d n. If B  d avoids a red clique, then we have a goodn
 4difference graph on n
 1 vertices where B  B  d and R  R .n
1 n n
1 n
 4Likewise, if R  d avoids a blue clique, then we have a differentn
 4difference graph on n
 1 vertices with B  B and R  R  d .n
1 n n
1 n
Hence, we have a simple recursion which is not possible with circular
Žgraphs. We can now use our recursive algorithm to find automatically and
we must note theoretically due to time and memory constraints, but much
.less time and memory than would be required to search all colored graphs
all maximal difference Ramsey graphs for any given k and l.
ABOUT THE MAPLE PACKAGE AUTORAMSEY
AUTORAMSEY is a Maple package that automatically computes the
Ž .difference graph s with the maximum number of vertices that avoids both
a blue K and a red K . Hence, this package automatically finds lowerk l
Ž .bounds for the Ramsey number R k, l . In the spirit of automation, and to
take another step towards AI, AUTORAMSEY can create a verification
Ž .Maple program tailored to the maximal graph s calculated in
Ž .AUTORAMSEY that can be run at your leisure and can write a LaTeX
Ž .paper giving the lower bound for the Ramsey number R k, l along with a
maximal difference graph that avoids both a blue K and a red K .k l
The computer-generated program is a straightforward program that can
Ž .be used to double check that the results obtained in AUTORAMSEY do
indeed avoid both a blue K and a red K . AUTORAMSEY has also beenk l
translated into Fortran77 as DF.f to speed up the algorithm implementa-
tion.
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THE ALGORITHM
Below we will give the pseudocode which finds the maximal difference
Ž .Ramsey graph s . Hence, it also will find the exact value of the difference
Ž .Ramsey numbers D k, l . Because the number of difference graphs is of
order 2 n as compared to 2 n
2 2 for all colored graphs, the algorithm can
feasibly work on larger Ramsey numbers.
Let D be the class of 2-colored difference graphs on n vertices. Letn
GoodSet be the set of difference graphs that avoid both a blue K and ak
red K .l
Ž .Let mmin k, l
Find D , our starting point.m	1
Set GoodSetD .m	1
Set jm	 1
WHILE flag 0 do
 FOR i from 1 to GoodSet do
 Take TGoodSet, where T is of the form T B , Rj j
where B and R are the blue and red difference sets on jj j
vertices
  4    4Consider S  B  j , R and S  B , R  jB j j R j j
If S avoids both a blue K and a red K thenB k l
NewGoodSet NewGoodSet SB
If S avoids both a blue K and a red K thenR k l
NewGoodSet NewGoodSet SR
Repeat FOR loop with a new T
 If NewGoodSet  0 then RETURN GoodSet and set flag 0
 4Otherwise, set GoodSetNewGoodSet, NewGoodSet , and j j
 1
Repeat WHILE loop
For this algorithm to be efficient the subroutine which checks whether
or not a monochromatic clique is avoided must be very quick. We use the
Žfollowing lemma to achieve quick results in the Fortran77 code. The
Maple code is mainly for separately checkingwith a different, much
slower but more straightforward algorithmthe Fortran77 code for small
.cases.
 LEMMA 1. Define the binary operation  to be x y x	 y . Let D be
a set of differences. If D contains a k-clique, then there exists KD, with
 K  k	 1, such that for all x, y K, x yD.
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TABLE I
Difference Ramsey Numbers
l 3 4 5 6 7 8 9 10 11k
3 6 9 14 17 22 27 36 39 46
4 18 25 34 47 53 62
5 42 57
 4Proof. We will prove the contrapositive. Let K d , d , . . . , d be1 2 k	1
Ž .an arbitrary k	 1 -set. Order and rename the elements of K so that
d  d    d . Let        be the vertices of a1 2 k	1 0 1 k	1
complete graph on k vertices where d  	 . By supposition, therei i 0
exists I J such that d d  d 	 d D. This is the edge connectingJ I J I
 with  . Since this edge is not in D, D contains no k-clique.J I
By using this lemma we need only check pairs of elements in a
Ž . Žk	 1 -set, rather than constructing all possible colorings using the k	
.1 -set. Further, we need not worry about the ordering of the pairs; the
operation  is commutative.
SOME RESULTS
Ž .It is easy to find lower bounds for R k, l , so we must show that the
algorithm gives ‘‘good’’ lower bounds. We give two tables of the differ-
ence Ramsey number results obtained so far. Table I shows the
2-colored difference Ramsey number values. Table II shows the number of
maximal difference Ramsey graphs. If we are considering the diagonal
Ž .Ramsey number R k, k , then the number of maximal difference graphs
takes into account the symmetry of colors; i.e., we do not count a reversal
of colors as a different difference graph. Where lower bounds are listed we
have made constraints on the size of the set GoodSet in the algorithm due
Ž .to memory andor self-imposed time restrictions.
TABLE II
Number of Maximal Difference Ramsey Graphs
l 3 4 5 6 7 8 9 10 11k
3 1 2 3 7 13 13 4 21 6
4 1 6 24 21 na na
5 11 na
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When we compare our test results to the well-known maximal Ramsey
Ž . Ž . Ž . Ž .   Ž .  graphs for R 3, 3 , R 3, 4 , R 3, 5 , R 4, 4 GG , and R 4, 5 MR , we find
that the program has found the critical colorings for all of these numbers.
  Ž .The classical coloring in GRS for R 3, 4 is not a difference graph, and
hence is not found by the program. More importantly, however, is that it
does find a difference graph on eight vertices that avoids both a blue K3
and a red K . Hence, for the Ramsey numbers found by Gleason and4
  Ž .  Greenwood GG and for R 4, 5 found by McKay and Radziszowski MR
we have found critical Ramsey graphs which are also difference graphs.
The algorithm presented above can be trivially extended to search
difference graphs with more than two colors. The progress made so far in
this direction follows.
MULTICOLORED DIFFERENCE RAMSEY NUMBERS
The algorithm presented here can be applied to an arbitrary number of
colors. The recursive step in the algorithm simply becomes the addition of
Žthe next difference to each of the three color sets B , R , and G G forn n n
.green . Everything else remains the same. Hence, the alteration of the
program to any number of colors is a simple one. The main hurdle
encountered while searching difference graphs of more than two colors is
that the size of the set GoodSet in the algorithm grows ery quickly. In
Ž .fact, the system’s memory 1GB while fully searching all difference graphs
was consumed within seconds for most multicolored difference Ramsey
numbers. The results obtained thus far follow.
D 3, 3, 3  15Ž .
D 3, 3, 4  30Ž .
D 3, 3, 5  42Ž .
D 3, 3, 6  60Ž .
Ž . Ž .We note here that D 3, 3, 6  60 implies that R 3, 3, 6  60, which is a
 new result. The previous best lower bound was 54 SLZL . The coloring on
59 vertices is cyclic, hence we need only list the differences up to 29:
Color 1: 5, 12, 13, 14, 16, 20, 22
Color 2: 10, 15, 19, 24, 26, 27
Color 3: 1, 2, 3, 4, 6, 7, 8, 9, 11, 17, 18, 21, 23, 25, 28, 29
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FUTURE DIRECTIONS
Currently the algorithm which searches for the maximal difference
Ramsey graphs is a straightforward search. In other words, if the memory
requirement excedes the space in the computer, the algorithm will only
return a lower bound. In the future this algorithm should be adapted to
backtrack searches andor network searching.
ISSAI NUMBERS
We now turn our attention to an easy consequence of the r-colored
Ž .difference Ramsey numbers. Issai Schur proved in 1916 the following
theorem which is considered the first Ramsey theorem to spark activity in
Ramsey Theory.
Ž .SCHUR’S THEOREM. Gien r, there exists an integer NN r such
that any r-coloring of the integers 1 through N must admit a monochromatic
solution to x
 y z.
We may extend this to the following theorem:
Ž .THEOREM 1. Gien r and k 2, there exists an integer NN r, k
such that any r-coloring of the integers 1 through N must admit a monochro-
matic solution to Ýk	1 x  x .i1 i k
This is not a new theorem. In fact, it is a special case of Rado’s Theorem
  Ž .GRS, p. 56 . The numbers N r, k are called generalized Schur numbers
 and have been studied in BB . In this article we present a simple proof
which relies only on the notions already presented in this paper.
Proof. Consider the r-colored difference Ramsey number N 
Ž .D k, k, . . . , k . Then any r-coloring of K must have a monochromatic KN k
 4subgraph. Let the vertices of this subgraph be  ,  , . . . ,  , with the0 1 k	1
differences d  	 . By ordering and renaming we may assume thati i 0
d  d    d . Since K is monochromatic, we have that the edges1 2 k	1 k
  , i 1, 2, . . . , k	 1, and   must all be the same color. Since thei	1 i k	1 0
Žr-colored K is a difference graph we have that d , d , and d 	N 1 k	1 i
1
.d , i 1, 2, . . . , k	 1, must all be assigned the same color. Hence wei
k	2Ž .have the monochromatic solution d 
Ý d 	 d  d .1 i1 i
1 i k	1
Using the proof of this theorem we will define the Issai numbers. But
first, another definition is in order.
Ž . Ž .DEFINITION Schur k-tuple . We will call a k-tuple, x , x , . . . , x , a1 2 k
Schur k-tuple if Ýk	1 x  x .i1 i k
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Ž .In the case where k 3, the 3-tuple x, y, x
 y is called a Schur triple.
In Schur’s theorem the only parameter is r, the number of colors. Hence, a
Ž .Schur number is defined to be the minimal integer S S r such that any
r-coloring of the integers 1 through S must contain a monochromatic
   Schur triple. The Schur numbers have been generalized in BB and S in
directions different from what will be presented here. We will extend the
Schur numbers in the same fashion as the Ramsey numbers were extended
Ž . Ž .from R k, k to R k, l .
Ž . Ž .DEFINITION Issai Number . Let S S k , k , . . . , k be the minimal1 2 r
integer such that any r-coloring of the integers from 1 to S must have a
 4monochromatic Schur k -tuple, for some i 1, 2, . . . , r . S will be calledi
an Issai number.
Unlike Theorem 1, the existence of Issai numbers is not directly implied
by Rado’s Theorem. However, the existence of these Issai numbers is
implied by the existence of the difference Ramsey numbers
Ž .D k , k , . . . , k . In fact, we have the following result:1 2 r
Ž . Ž .LEMMA 2. S k , k , . . . , k D k , k , . . . , k 	 1.1 2 r 1 2 r
Proof. By definition, there exists a minimal integer N 
Ž .D k , k , . . . , k such that any r-coloring of K must contain a monochro-1 2 r N
 4matic K , for some i 1, 2, . . . , r . Using the same reasoning as in thek i
proof of Theorem 1 we have the stated inequality.
Ž . Ž .Using this new notation, it is already known that S 3, 3  5, S 3, 3, 3 
Ž . Ž .14, and S 3, 3, 3, 3  45. We note here that since D 3, 3, 3  15 we
Ž . Ž .immediately have S 3, 3, 3  14, whereas before, since R 3, 3, 3  17, we
Ž .had only that S 3, 3, 3  16.
Ž .Attempts to find a general bound for S k, l have so far been unsuccess-
ful.
SOME ISSAI VALUES AND COLORINGS
We used the Maple package ISSAI to calculate the exact values given in
Table III. ISSAI is written for two colors, but can easily be extended to any
Ž .number of colors. The value S 3, 3  5 has been known since before
Ž .Schur proved his theorem. The value S 4, 4  11 follows from Beu-
  Ž .telspacher and Brestovansky in BB , who more generally show that S k, k
 k 2 	 k	 1. The remaining values are new.
The maximal colorings which avoid monochromatic sums found by
Ž .ISSAI are as follows. Let S k, l denote the minimal number such that any
Ž .2-coloring of the integers from 1 to S k, l must contain either a red Schur
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TABLE III
Issai Numbers
l 3 4 5 6 7k
3 5 7 11 13 17
4 11 14
k-tuple or a blue Schur l-tuple. It is enough to list only those integers
colored red:
S 3, 4  6: Red: 1, 6Ž .
S 3, 5  10: Red: 1, 3, 8, 10Ž .
S 4, 4  10: Red: 1, 2, 9, 10Ž .
S 3, 6  12: Red: 1, 3, 10, 12Ž .
S 4, 5  13: Red: 1, 2, 12, 13Ž .
S 3, 7  16: Red: 1, 3, 5, 12, 14, 16Ž .
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